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Long-tailed probability distributions in turbulent-pipe-flow mixing
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Exponential-tailed scalar probability density functions~PDF’s! are obtained by high-pass filtering scalar
concentration time series measured in turbulent pipe flow. This behavior reflects the scale separation of scalar
and velocity fluctuations that develops in this flow, such that the low-wave-number scalar fluctuations act as an
imposed scalar gradient stirred by finer-scale wall-generated shear. This observation broadens the class of
flows in which long-tailed scalar PDF’s are anticipated to occur.@S1063-651X~97!12908-7#

PACS number~s!: 47.62.1q, 47.60.1i
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I. INTRODUCTION

Since exponential-tailed temperature probability dens
functions ~PDF’s! were observed in the ‘‘hard turbulence
regime of Rayleigh convection@1#, various experimental and
theoretical studies have been performed in order to iden
their origins. One mechanism for long-tailed PDF formati
that has been identified is associated with turbulent mixing
a passive scalar subject to an imposed mean gradient@2–6#.
It has not yet been established that this mechanism is op
tive in flows with no imposed mean gradient.

Here it is demonstrated that flows in which the leng
scales of the dominant scalar fluctuations and the turbu
stirring are well separated may exhibit this mechanism. It
recently been demonstrated experimentally that mixing
turbulent pipe flow leads to this type of length scale sepa
tion @7,8#.

This behavior was anticipated based on analysis and c
putational modeling@9# that suggested the following picture
The scalar concentration field in turbulent pipe flow has lo
wave-number~relative to the pipe diameter! spectral content,
reflecting either the inlet conditions or nonlocal~in wave
number! spectral transfer of scalar fluctuations by hig
wave-number random advection. The low-wave-num
fluctuations are, in effect, frozen on the time scale of hig
wave-number evolution, except that the wave-number ra
of the frozen fluctuations is gradually eroded from above
turbulent eddy diffusion. Eddy diffusion is driven by wa
shear, so its characteristic length scale is the pipe diame

As this process evolves, significant scale separation de
ops between the stirring scale~the pipe diameter! and the
scale range of the frozen low-wave-number fluctuations. T
wave-number interval between the stirring scale and the
zen range is denoted the equilibrium range, reflecting
kinematics of scalar evolution in that range@9#. In the equi-
librium range, turbulent stirring induces a scalar cascad
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higher wave numbers~albeit with significant backscatter tha
leads to nonstandard spectral scaling!.

The relevant point here is that stirring length and tim
scales are much smaller than the corresponding scales o
dominant scalar fluctuations. Therefore scalar evolution
seen at the stirring scale is analogous to mixing in an
posed scalar gradient.

Even if this analogy is valid locally, it is not obvious tha
ensemble-averaged scalar statistics will reflect the mec
nism of long-tailed PDF formation in the presence of
imposed mean gradient. The dominant scalar fluctuations
at low wave numbers that see no imposed gradient. H
scalar time series measured in turbulent pipe flow are h
pass filtered in order to ascertain whether the fine-scale fl
tuations superimposed on the dominant large-scale fluc
tions exhibit non-Gaussian statistics of the type found
scalar fluctuations in the presence of an imposed mean
dient.

II. EXPERIMENTAL CONFIGURATION

The experimental facility has a 9.75 m long test sect
consisting of eight 1.22 m sections of 25 mm I.D. qua
pipe, for a total length to diameter ratio of about 390. T
quartz sections are connected by brass couplers eac
which is fitted with a pressure tap and constructed so a
give a smooth section to section transition. A reservo
pump, return section, and flowmeter complete the flow fa
ity. Total fluid volume of the facility is about 35 l. The
passive scalar used in each experiment is fluorescent dye
each of the experiments the Reynolds number based on m
velocity and the pipe diameter is 7500.

Two separate experiments, which vary only in inlet co
dition, are described here. The first of these, experimen
includes a 1.33 m section of 25.4 mm diameter PVC p
that was divided in half along its entire length by a 1.59 m
thick piece of PVC, which was tapered to a point at t
trailing edge. This device, shown in Fig. 1, replaced the s
ond quartz section so that the main flow was divided up
1753 © 1997 The American Physical Society
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entering the mixing region of the pipe. On one side of t
divided pipe, dilute fluorescent dye was injected at a rate
approximately 1 l/min using a constant head reservoir
cated 1.4 m above the test section. For the initialization
experiment 2, the main flow is divided at a ‘‘T’’ into two
straight sections. At the entrance of one of these secti
dilute fluorescent dye was injected into one stream at a
of approximately 1 l/min from a constant head reservoir. T
two streams were recombined through a second ‘‘T’’ junc-
tion, as shown in Fig. 2. The entire device was constructe
25.4 mm diameter PVC.

In both experiments the scalar field is interrogated a
downstream locations using the 488 nm~1.5 W continuous
wave! line from an argon ion laser. The single beam out
the laser is focused into a custom built fiber optic bund
each leg of which is terminated at a different downstre
location. The configuration used is shown schematically
Fig. 3. A low-pass filter is used to attenuate the scatte
laser light while passing the longer wavelength fluoresc
light. The filter is positioned between two planoconv
lenses causing the light to be at normal incidence upon
filter. This is the condition for which the filter is designe
and thus performs best. The measurement system allow
interrogation of a single point on the center line of the pipe
each axial location. For the given flow speed, the signal fr
each photodetector was sampled at 1000 Hz for up to
secs which is approximately the time required for the fluid
make a complete loop. Sampling was achieved with an ei

FIG. 1. Schematic of the partitioned pipe inlet~experiment 1!.

FIG. 2. Schematic of the ‘‘T’’ junction inlet ~experiment 2!.
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channel, 16-bitA/D converter interfaced with a UNIX work-
station.

The Schmidt number for the dye in the fluid is about 19
@10# (Sc5n/Dm) whereDm is the molecular diffusivity of
fluorescein in water. The Kolmogorov length sca
h5(e/n3)1/4, was estimated ash50.18 mm at the cente
line of the pipe, calculated using an estimate of the dissi
tion ratee, as reported by Lawn@11#. This corresponds to a
Kolmogorov frequency of about 266 Hz (f k5U/2ph).
Thus, the sampling rate is well above the Nyquist criteri
for resolving the smallest features of the flow field. The fa
tor limiting the resolution of the small structure of the flo
was the size of the beam from the fiber optic which is ab
2 mm in diameter, or about 10 Kolmogorov scales. Wh
this limits the ability to resolve the smallest scale features
the scalar field, the resolution is more than adequate
achieve the objectives of the present research.

III. EXPERIMENTAL RESULTS

Scalar spectra from experiments 1 and 2 are shown
Figs. 4 and 5~a!, respectively, at five downstream location
A substantial difference in the spectral content from ea
experiment is readily apparent. Namely, the spectra from
periment 1 are relatively flat in shape in the region extend
from the lowest wave number to the wave number cor
sponding to the pipe diameter (K51). This is in contrast to

FIG. 3. Optical configuration of the scalar interrogation loc
tion.

FIG. 4. Power spectral densities of scalar fluctuations, exp
ment 1. Axial locations~from top to bottom! arex/D530.0, 44.2,
58.4, 84.3, and 109.2, whereD is the pipe diameter.
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56 1755LONG-TAILED PROBABILITY DISTRIBUTIONS IN . . .
the spectra from experiment 2 which are dominated b
low-wave-number component that is approximately 3 ord
of magnitude greater than the value of the spectra atK51.
The substantial difference in the shape of the low-K spectra
is governed by the geometric differences in the scalar init
ization process. The dominant low-K fluctuations in experi-
ment 2 are attributed to natural fluctuations in velocity a
pressure resulting from the two streams meeting in
‘‘ T’’ junction. In this case, small pressure fluctuations in t
incoming streams can result in periodically varying contrib
tions to the main pipe flow from the two streams. In bo
cases the spectra atK.1 approximately obey a typica
inertial-range decay. Note that the low-wave-number spe
from experiment 2 do not quite reflect the description
being ‘‘frozen’’ as discussed in the Introduction. Howeve
the decay of the low-wave-number fluctuations is occuring
a rate that is slower than other relevant flow evolution p
cesses. It is suspected that this decay in the level of
low-wave-number tail is due to interactions of near-wall a
core-region fluid, rather than low-wave-number axial m
ing.

When the data of Fig. 5~a! are scaled vertically byt/c82

FIG. 5. ~a! Power spectral densities of scalar fluctuations,
periment 2. Axial locations~from top to bottom! are x/D520.5,
36.0, 50.2, 64.4, and 90.3.~b! Spectra subject to ‘‘equilibrium’’
range scalings, indicating self-preserving behavior.
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and horizontally byt1/2, a collapse is seen in the ‘‘equilib
rium’’ region which bridges the low-K portion of the spec-
trum with the inertial range@Fig. 5~b!#. That these scalings
are obeyed is indicative of a self-preserving scalar field
which the amplitude of the equilibrium region is determin
by a balance of spectral intensity moving to the low-K and
inertial range portions of the spectrum. A complete desc
tion of the scalar spectra and the factors influencing th
shape can be found in Guilkeyet al. @7,8#.

The scalar time series are high-pass filtered in orde
remove the low-wave-number fluctuations. The wav
number cutoff for the filter was generally chosen to be n
the beginning of the equilibrium range~i.e., K50.27). For
both of the experiments the PDF’s of the unfiltered data w
approximately Gaussian.

The assertion that clearcut length scale separation
tween the dominant fluctuations and the stirring scale
needed in order to see behavior associated with an impo
scalar gradient implies that such behavior should not be

-

FIG. 6. PDF’s of unfiltered~thin line! and high-pass-filtered
~thick line! data at three streamwise locations~experiment 1!.
Dashed line indicates a Gaussian curve fit to the unfiltered dat
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served in the PDF’s of the data from experiment 1. Figur
bears out that expectation. This figure shows plots of
PDF of the unfiltered data~thin line!, the high-pass-filtered
data ~thick line!, and a Gaussian curve fit to the unfiltere
data~dashed line!. Each of these is shown for three differe
streamwise locations,x/D544, 58.4, and 84.3, whereD is
the pipe diameter. The filtered and unfiltered PDF’s are
sentially indistinguishable, and both are fit relatively well
a Gaussian distribution in the tails as well as in the cen
region.

PDF’s from experiment 2, where the scalar spectral int
sity is predominantly at wave numbers well below the s
ring wave number, show much different behavior. Figure
shows PDF’s from three locations,x/D536, 50, and 64.4.
Each plot contains the PDF of the data before being hi
pass filtered~thin line!, a Gaussian curve fit to the unfiltere
PDF ~dashed line!, the PDF of the high-pass-filtered da
~thick line! and a line indicating an exponential decay~thick

FIG. 7. PDF’s of unfiltered~thin line! and high-pass-filtered
~thick line! data at three streamwise locations~experiment 2!.
Dashed lines indicates a Gaussian curve fit to the unfiltered data
a line of exponential decay for comparison.
6
e

s-

l

-
-
7

-

dashed line!. This last line is not a curve fit; its presence
merely intended as a comparison. The PDF’s of the hi
pass-filtered data are seen to approach the anticipated e
nential form. The data from the same three axial positio
are again presented in Fig. 8. Here, both lines indicate d
which have been high-pass filtered at different cutoff wa
numbers,K50.27~thick line! andK50.74~thin line!. These
graphs indicate that the shape of the filtered PDF is invar
with respect to cutoff wave number provided that the cut
is within the equilibrium range. Figure 9 shows the hig
pass-filtered PDF from each interrogation location.~Each
PDF has been shifted one decade vertically with respec
the previous one.! The exponential form of the tails is main
tained until at leastx/D590.3. Beyond that, it is likely that
the transition back to a more Gaussian shape is due to a
signal-to-noise ratio at the far downstream positions. In F
10, the first five of these PDF’s are plotted without the v
tical displacements. The collapse of the PDF’s ofc/c8,
wherec82 is the variance ofc, indicates self-similarity of the

nd

FIG. 8. PDF’s of data subject to different filter cutoffs~experi-
ment 2!. The thick line is for a cutoff wave number ofK50.27 and
the thin line is for a cutoff wave number ofK50.74.
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56 1757LONG-TAILED PROBABILITY DISTRIBUTIONS IN . . .
high-pass-filtered scalar fluctuations. A small deviation fro
a perfect collapse exists as evidenced by the dashed cu
which represent the PDF’s of the two farthest downstre
positions. In general the PDF’s become slightly more bl
with increasing axial location. It is unclear if this is a resu
of a decreasing signal-to-noise ratio or an increasingly fav
able imposed gradient condition.

The difference in the behavior of the PDF from expe
ment 2 to experiment 1 reinforces the hypothesis that la
amplitude low-wave-number fluctuations, well separated
scale from the stirring scale, act as an imposed scalar gr
ent. Even in experiment 1, however, a low-wave-num
component develops in the very far field, but the behavio
the PDF seen in experiment 2 is never exhibited. This
most likely due to the low signal-to-noise ratio at the fa
field locations. Gaussian noise overwhelms the non-Gaus
scalar fluctuations, particularly at the wave numbers wh
remain after highpass filtering.

IV. DISCUSSION

Scalar PDF’s of high-pass-filtered scalar fluctuations
turbulent pipe flow have been examined. When the domin
scalar fluctuations are at length scales well separated f
the stirring length scale, the PDF exhibits exponential ta
Otherwise, Gaussian tails are obtained. These results su

FIG. 9. PDF’s of high-pass-filtered (K50.27) data~experiment
2!. Each PDF is offset vertically by one decade with respect to
previous one. Axial locations~from bottom to top! arex/D520.5,
36.0, 50.2, 64.4, 90.3, 115.2, and 147.0. Exponential tails pe
until x/D590.3, beyond which the signal-to-noise ratio is proba
not adequate to observe that behavior.
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that the high-pass-filtered fluctuations in the former case
flect the mechanism responsible for exponential-tailed PD
in turbulent flow subject to an imposed mean scalar gradi
The exponential-tailed PDF that is obtained in that case
found to be self-similar.

Previous analysis and measurements suggest that the
separation leading to these behaviors is a generic proper
high-aspect-ratio confined turbulent flows. In these flows,
stirring scale is determined by the duct diameter. Stirr
preferentially dissipates the higher-wave-number scalar fl
tuations. The remaining low-wave-number fluctuations
then dominant.

In such flows, the present results suggest that scalar fl
tuations in the scale range between the dominant scalar
tuations and the stirring scale may exhibit generic behav
that are insensitive to details of the flow. In particula
exponential-tailed PDF’s may be a more prevalent feature
turbulent mixing than previously recognized.

It is not yet known whether the self-preserving PDF sha
identified in this study is likewise generic. Measurements
e.g., ducts with noncircular cross sections may clarify t
point. It would also be interesting to investigate wheth
other scalar fluctuation properties of the identified mixi
regime are generic.
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FIG. 10. PDF’s of high-pass-filtered (K50.27) data for stream-
wise locationsx/D520.5, 36.0, 50.2, 64.4, and 90.3~experiment
2!. The collapse which is achieved by scaling by the rms indica
self-similarity of the scalar field.
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